Abstract. In this paper we prove several results for the scattering phase (spectral shift function) related with perturbations of the electromagnetic field for the Dirac operator in the Euclidean space.
Introduction
We are interested here in the study of the spectral properties of the Dirac operator on L2(R3; C4), and, for 8> 1 (short range perturbation), we have the following properties [24] , [26] : (i) the wave-operators for (H, H0) exist and are complete; (ii) the essential spectrum of H is equal to ]-oc,-e 2] U [c 2, +oc[; (iii) H has no singular spectrum; (iv) the discrete spectrum of H is contained in ]-c 2, e2[. According to (i), the scattering operator, S, is defined and unitary. In the spectral representation of H0, the operator S becomes an operator-valued function, S(A), on L2($2; C 4) (S 2 is the unit sphere in Ra). Moreover, S(A) is unitary and, for f>3, S(A)-Id is a trace class operator on L2($2; C4). So, it makes sense to introduce the scattering phase s(A) by the formula ( 
1) i s(A) =s(H,t/o)(A) = 27c logdet(S(A)), s(0) E [0, 1).
According to the Birman-Krein theory [2] , s(A) satisfies the Krein formula (2) 
Tr(f(H)-f(Ho)) Ls(A)f'(A)dA for all fcS(R).

By the assumption (Hs) with 5>3, we have that scC~(] oc,-c2[U]c 2, +oo[).
This can be proved, as for the SchrSdinger operator (see Corollary 5.8 of [20] ) by using the stationary representation of S(A) given by E. Balslev mid B. Helffer [1] .
In this paper, we study three kinds of asymptotics for the scattering phase. First of all, the high energy limit, IAl---~oc (c and h being fixed), then the semiclassical limit, h"~0 (c is fixed and A is in a non-trapping compact interval), and at last the non-relativistic limit, c~+oe (h and A being fixed).
The non-relativistic limit (studied in Section 5) was announced in [5] and proved in the thesis of the first author [4] . Our proof is closely connected with the energy regularity and inspired by [12] . Here we show that the order of regularity (with respect to c 1) is independent of the decrease of the potentials (we need only decrease as (x} 0, ~>3).
To discuss the high energy regime (in Section 3) and semi-classical regime (in Section 4), we use the close connection between the Dirac operator and Schrbdinger type operators in two ways.
For I/~l-*oc, we split positive and negative energies (see formula (7) below), then some known results about local spectral densities for Schrbdinger operator [21] give a full asymptotic expansion of s()~) (and their derivatives). In this way, we have a new proof of the Weyl formula established in [7] .
For h~-~0, we exploit the h-decoupling property of the Dirac operator (Proposition 4.2) based on a Foldy Wouthuysen transformation. Then, we can adapt some classical methods to establish semi-classical estimates of the resolvent and to have short and long time approximations of the propagator. At last, we can prove a semi-classical asymptotic expansion of the derivative s~(A) for A in a non-trapping energy band. (1))`>u+ is non-trapping for ),+(x, ~); (2))`<u is non-trapping for )`_(x,~); where u+=max(1, sup V 1) and u_ =rain(-1, inf V+I).
Main results
Indeed, )~cR being non-trapping for )`+(x,~) implies that )`_>1 or {),<1 and Ex()`+)=0} (that is A<I and )`<infV+l) because for p<l, E,()`+) is compact or empty. In the same way, )`CR being non-trapping for )` (x,~) imply ~<_-1 or {)`>-1 and E~()` )=0} (that is )`>-1 and A>supV-1) because for #>-1, E#()` ) is compact or empty. (a) , by integrating in I and using weak asymptotics given by the functional calculus (see Section 4, the proof of Theorem 2.3).
The above theorems hold for fixed c= 1. Now, we consider the non-relativistic approximation, so c is a variable parameter.
Let us denote by H', (resp. H~,• the operators Hq:c 2 (resp. H0~:e 2) and by (h• h0), the Paul• operators
where {~j}l<j<3 are the Paul• 2 • 2 matrices. Owing to (Ha), the scattering phase, sA~V~:(t), for the pair (hi, h0), is well defined as a smooth function on ]0, +oc[ (see [20] , [22] 
High energies
In this section, we fix c h= 1. First of all, we limit our work to the study of the positive energies. The negative case will be deduced from the following proposition. This is a unitary operator on L2(R 3, R 4) satisfying
CH(e,A, V)C -1 -H(-e, A, V) =-H(e,-A, V).
Then we obtain the symmetry property by using the Krein formula (2) and the cyelicity of traces. [] Now, we study the positive energies. Formally, s(X) is related to the difference between the spectral projectors of H and H0. As in [20] , we first prove that s(A) can be computed by using only the spectral projector of H. Let us introduce
Q:=H2-Hg, A: 89
The differential operator Q is of order 1. Its coefficients are matrices, decreasing as fast as A and V (see (//6)). Because the principal symbol of L is scalar, we can easily adapt the proof of Theorem 4.4 in [21] , for matrix operators, and we obtain the following theorem. Here (H2-Id) is a perturbation of the Laplace operator, thus Theorem 3.5 holds for cr w and ~rw,. Hence the existence of the asymptotic expansion claimed in Theorem 2.1 will be deduced from the following proposition. 
+ooD~-+qS:(W'(H 2 1)-IlHI lf(HS)).
Then, owing to Proposition 3.2, we want to prove that
However, this is a consequence of the following equality, true for all f equal to zero on ]-oc, 0] (and for any self-adjoint operator),
Hence, we deduce equation (6) . [] Remark 3.7. Of course, as for (H2-1) -1 (see Remark 3.3), IH1-1 is not well defined, but for feC~(R\O), we can define IHI xf(IHI).
Proof of Theorem 2.1. As we saw above, the existence of the asymptotic expansion follows from the equation (6) and from Theorem 3.5 applied to aw and aw,. This gives an asymptotic of the form
A..~ ~j j>0
According to Proposition 3.1, we also have an asymptotic as A--~-oc with coefficients 7j. At last, the coefficients are given by the weak asymptotic in [4] , [7] . This uses the functional calculus for h-admissible pseudo-differential operators, developed by B. Helffer and D. Robert [14] , [19] , which is based on the construction of a parametrix (Seeley's method). In particular, we have %~=0 because H 2 and Hg have the same principal symbols. Moreover, by using meromorphic extensions of the zeta relative function for (H 2, Hg) and of the eta relative function for (H, H0) (see [4] , [6] ) we prove that 7j =73.
The case V=0 is studied in [7] , using some supersymmetry properties of H with only a magnetic potential, we prove (Corollary 6.3 of [7] ) (8) stA
where soo is the scattering phase for the Pauli operators defined by (3), with V+ = 0. As the asymptotic expansion of s~ is known [20] , we deduce the asymptotic expansion of s, for V=0. [] Remark 3.8. In this proof, we only use that (H 2-I) is a perturbation of the Laplacian and the result of D. Robert [21] , true in any dimension. Hence, in the same way, we can obtain a high energy asymptotic of the scattering phase for Dirac operators in R ~, for any n. Moreover, s'(A) is studied as a particular spectral density of H (see Proposition 3.2). More generally, we can also prove a high energy asymptotic expansion for local spectral densities of Dirac operators. which is (iii) of Theorem 2.5.
Semi-classical limit
In this section we fix c= 1 and we study the asymptotic of the scattering phase as h=h tends to 0. To prove Theorem 2.3 (in Subsection 4.3), our main tool is h-decoupling (developed in Subsection 4.1).
To simplify, we consider only the case V+ =17 V, hence the h-principal symbol of H has two eigenvalues of multiplicity two, 
h-decoupling of the Dirac operator
The goal of this section is to prove the following proposition. We will use h-pseudo-differential calculus. To a symbol a and a real h>0, is associated the operator Opt(a) defined for uES(R) by [19] or [14] for more details). 
Let us recall that an operator A(h) is called h-admissible of weight (q,p) if there exists sequences (a j) of symbols and RN (h) of bounded operators (on L 2) such that N
A(h) = E hj Op~ (aj) + h N+I RN
(h),
with A and V satisfying (Hs). For all N>O, there exists a unitary h-admissible pseudo-differential operator WN(h) such that
W~vHA'vWN=(a+'No(h) a , N( h) O ) § where a• is an h-admissible pseudo-differential operator, of principal symbol A• ~)12, and RN+I(h) is an h-admissible pseudo-differentzal operator of order (N+ 1).
In
particular, for N-O we can choose a•177 hD)12. (W~v denotes the adjoint operator of the closed operator WN.)
Let us mention that a similar result is stated by R. Brummelhuis and J. Nourrigat [3] to study the scattering amplitude. This kind of decoupling is also used by A. Grigis and A. Mohmned (see Lernma 3.4 of [11] ) to study the Dirac operator with periodic potentials.
To establish this proposition, we use the following lemma proved in [15J for bounded operators following a method due to M. Taylor. 
Lemma 4.3. Let M~(h) be a matrix h-admissible pseudo-differential operator,
Mk(h)= ( a+(h) h~b*(h) ) hkb(h) a (h) , k> 1,
(This implies, in particular, that for h sufficiently small, the operator a+ (h)-a (h)
has an inverse of weight (-1, 0)).
Then, there exists a unitary, h-admissible pseudo-differential operator W(h) satisfying a+,l(h) hk*lb~(h) W(h)*Mk(h)W(h)= hk+lb,(h ) a_ ,(h) J ' where a• is an h-admissible pseudo-differential operator of principal symbol A• ()1~ and bl(h) is an h-admissible pseudo-differential operator of weight (q-
Proof of Proposition 4.2. The proof is performed by induction on N, beginning at N=0. The Dirac operator without electric potential, HA,O, is a particular case of supersymmetric Dirac operators (see Chapter 5 of [24] ). For W0, we will take the Fold~Wouthuysen transformation (Section 5.6 of [24] ). More precisely, let 
-(hD-A) 12-hro(h) "
For Vr we consequently get that Wo(h)*H&vW~)(h) is equal to
(-(hD-A)+V)12
where
erator of order -1 (we use that V is a scalar potential). Thus, we get the proposition for N=0.
We can now start with the induction argument. Let N_>0 and let us assume the existence of a unitary, h-admissible pseudo-differential operator WN(h) satisfying
a+,N(h) hN+lb~(h) ) VFN(h)*HA,vWN(h)= hN+lbN(h ) a ,N(h) '
where a• 
where a• is an h-admissible pseudo-differential operator of principal symbol X• and bN+l(h) is an h-admissible pseudo-differential operator of order -(N+2). The (N+l)th property is satisfied with the unitary operator which has the principal symbol av(J)=(;%-~ ) ~1,~ of weight (-1, 0).
WN+I (h) = WN (h)W(h).
Let W(h) be the operator
is an h-admissible pseudo-differential operator of weight (q-2, 0) and
and Rk+l(h) is an h-admissible pseudo-differential operator of weight (q-1, 0). Using (ii) (i.e. that the principal symbol of a• commutes with all matrices), we obtain that b(h) is an h-admissible pseudo-differential operator of weight (q-1,0). At last, to have a unitary transformation, we put, for sufficiently small h, (ii) for f 9 'oN(h)) .f(a , N(h) 
W(h) =W(h)(W*(h)W(h)
)
W[vf(H)WN= ( f(a+
eith-z~I(h) =eith-tDN(h)@ihN4-1 1 eish tH(h)RN § tDN(h) d8, where DN(h)=( a+'N(h) O(h ) )
0 Part (ii) is a direct consequence of (i) (for l=0) using the Fourier transform
f(H) = ~ e~tI~ f(t) dr.
Semi-classical estimates
We are interested here in quantmn propagation estimates controlled in the semiclassical parameter. For that, we introduce an assumption on the corresponding classical systems. For a classical Hamiltonian k(x,{) defined in the phase space R 2n, let us consider the flow defined by the Hamiltonian vector field (0~,-0xk), 
dk [(x)-S(H-~t-~i0)-lix )-s] ~_ k!ix}-s (H--~t~l:iO)-k-1 (x)-S. d# k
Under the non-trapping assumption, we also have the following result.
Proposition 4.6. Assume (Ha) with 5>0 and that Jc]-oo,-1[U]1, +oo[ is a non-trapping compact interval for A~(x, ~). Then, for every s>k-1 3, ]] (x} ~(H-#• ~[[=O(h-k), as h "~O uniformly for #E J.
This estimate is established by S. Cerbah [8] (for A=0 and VEC~(R3)) and by T. Jecko [17] (for A=0 and assuming (He) for V). As in [8] and [17] , our proof is based on Mourre's commutator method (see [18] , or [16] for the semi-classical case) and a construction of global escape function given by Gerard Martinez [10] .
According to Remark 2.2, for A0 non-trapping for A+ and A_, only one of the two surfaces E~0(A+) , Eao(A_ ) is non-empty. Then it is sufficient to construct escape flmctions 9+(x, ~) of A+(x, ~). [14] , [19] , we easily prove that G+ is a conjugate operator of H (in the sense of Mourre) and that H is k-smooth with respect to G+. The main property is the so-called Mourre estimate (12) 1(x, hD)) which, by the construction of g+, is bounded from below by Chx(a+,l (x, hD)) 2.
Proof of Lemma 4.7. We construct an escape function g+(A, V) for/~+(A, V), then the function g=-g+(A,-V) will be an escape function for .~ , because A_(A,V)--A+(A,-V).
Let (x,~)EA+I(]Ao c, A0+c[),
A(x)
{A+
x(H)[H, G +]x(H) > ChxZ(H)
Let us recall that
with x(a_,l(cc, hD))=O(h~ because ~0>1 non-trapping implies that )~--1()~0):= Ea0(a )=0, i.e. for small s and for any kCN, X(k)(a (x,~))=0. This gives the Mourre inequality (12) . Then using Mourre's results [18] , we have Proposition 4.6 for #E]A0-e, ~o+e[, and at last, using compactness of J we deduce the Mourre estimate uniformly for #CJ.
The following crude estimate will be used later. where 
W(h)= (Q-89 A])(h) with Q(h)-H 2-Hg and A(h)= 89 (x.hD+hD.x).
JR e ith laO(itlhN)O(r-lt) dt.
Because the support of O(hMt)-O(T it) is a subset of {t:T<ltl<_h-M}, we have (13) /I~--M) (h, A)--[~TN(h, ~) : o(hN--M--I).
At last, following the proof of Lemmas 3.2 and 3.3 of [23] , we get
~-(h -M) +' N (h,A)_"-~,N (h,A)=O(h~)
under the non-trapping condition. The methods used in [23] (or in [13] ) work in the same way, because the principal symbol of aJ_,N is of scalar type (=,~+ (x, ~)12 Proof. We can prove this lemma in two different ways: using h-decoupling and studying short time parametrix for e ~th 1• (as in [13] ), or using directly short time parametrix construction for e ith ~H developed by K. Yajima in [25] .
In the same standard way, as in [23] (proof of Lemma 3.1) (or for example in [9] , [13] ), short time parametrix construction for the propagator gives an asymptotic
expansion of ~-T(h, A). [] Proof of Theorem 2.3. The existence of the asymptotic expansion is given by
Lemmas 4.9 and 4.10. For computation of c0(A), we use weak asymptotic which is a direct consequence of functional calculus on pseudo-differential operators, as settled in [14] , [19] . We have
(tr is the trace of the matrix). (14)is equal
The unitary transformation u(H(x,{)) (defined by (10)) brings H(x,~):=a. ({-A(x))+fl+V(x)14 to (aol" x_l,~ ). Then, the integrand term in
to 2(f(A+)+f(A ) f((c)) f(_(~))).
This gives c~ 2 d /R3 ( fX+(x,~)<~d~-/~><~d~) -(f~_(~,~)>_~d~-S(~)>~ d~) dx"
for ~A>u• defined in Remark 2. 
sh(A)=(2~) ~Co(A)h-~+O(h-~), as h\o,
uniformly for A in each compact subset of J, where
Non-relativistic limit
In this section, we introduce again the parameter c (keeping 8=1) and we will study the behaviour as c~+co of the scattering phase, s-- In the following, we study only s+(A) (the same proof works for s (A)) and to simplify the notation, we drop the sign %'. Thus, we write H' (resp. H~) for H+ (resp. H~,+), and for s+(A) we write s~(A), where The operators acting in L2(R3; C 2) (resp. C2@L2(R3; C2)) will be denoted, in general, by small (resp. capital) letters. Let us introduce some matrices, I=12@12 the identity on C2| 4 and the matrices on C 2,
These matrices satisfy
So, the Dirac operators, H and H0, can be defined in the Hilbert space In this section, our goal is to compare s,(A) with soo(A), the scattering phase for (h+, h0) (see (3)), as a4~0 + (for A fixed). We will give a Taylor series expansion, in z, of sx (and also for its derivatives with respect to ~>0). It will be a consequence of the C~176 of s, with respect to (x, ~) near z=0. For that, we study the smoothness of Now by using z~r/=r/and t,r/=0 (resp. ~W=0 and ~lz,=rl) we obtain that P+G~ o (resp. 
T2(O) = 89
We have x (I+V(0-1)(T0(Q)+xTI(P)+~2T2(0))) 1.
Then, the limit as ~ tends to 0 of R~(0 1 A+i/x2+/0) is
and its first derivative, with respect to x, at a~=0, is
Let us study the matrix representation of these terms. 
2'~, L2'-~). In the same way, using the transposition of the relations (23), we obtain that (22) [12] . In [12] , the order of the regularity of the scattering amplitude (the integral kernel of T~(~)) is connected to the decrease of the potentials. Here, we need only a fixed decrease, of the order (z} e (for an arbitrary fixed 8>3), to obtain Coo-smoothness of T~(A). To prove the convergence to soo (A), we will establish it in the weak sense, which means that for all ~ocC~(]0, +ooD, /7 /7 lim s~(A)~'(A) dA = soo(A)g/(A) dA.
Proof of Theorem
x---+0
It will be a consequence of the following proposition, using the Krein formula (2) . At last, the case V=0 is discussed in Remark 3.9. [] Proposition 5.6. Let H~ and Ho,~ be the Dirac operators defined by (16) and (17) Proof. Our starting formula, owing to (7), is 
h ._( ( 55' cr"D-AH2-1/ and DA,V=C~'(D-A)V+V~'(D-A). 2m
First of all, let us remark that the convergence property is formally obvious (in the space of bounded operators). Indeed, as z tends to 0, pl(Z, A) and ~2(z, A) tend to ~o(A) and Ha(x) tends to t,|174
Then, formally, for j 1, 2, we have Thus, owing to (25) and (16), we have, as x-+0, in a trace class for N large enough. Because Hoo(a4) is a polynomial with respect to a4, we deduce that ~Yv+l,~ is also a polynomial, and the control with respect to small x, is not difficult. Thus, we have proved Proposition 5.6 (see Part 4 of [4] for more details). [] Remark 5.7 . As remarked by the referee, it would be nice to prove multiparameter asymptotics in the three parameters (h, A, c). This problem seems difficult. However, we can get partial results when one of the parameters is fixed. 
